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Cardinality

Let E be a finite set.

Card(E)

is the number of elements of E.

Example:

E=1{1,2,3,4,5} = Card(E) = 5.
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Cardinality Properties

If A and B are finite sets, then

Card(A U B) = Card(A) + Card(B) — Card(AN B).

If AN B = @, then

Card(A U B) = Card(A) + Card(B).
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For n>1,

nl=n(n-1)---2-1.

By convention,

Example:

hl=5x4x3x2x1=120.
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Number of Functions

Let

Card(E) = p, Card(F) = n.

The number of functions from E to F is
Ed:

Each element of E has n possible images.
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Example: Functions

How many functions are there from a set of 3 elements to a set of 4 elements?

nP = 43 = 64.
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A permutation is an ordering of all elements.

The number of permutations of n elements is

]

Example:

41 =24,
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Arrangements Without Repetition

Choosing and ordering p elements from n elements:

nl

SR

Example:

A3y =10 x 9 x 8 = 720.

Remark:

AL

also counts the number of injective functions from a set of cardinality p to a set of cardinality n.
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Injective Functions

Let
Card(E) = p, Card(F) = n, p<n.

The number of injective functions

f:E—F

AP =n(n—1)---(n—p+1)=

(n—p)t'

This is also the number of ordered selections of p distinct elements from a set of size n.
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Example: Injective Functions

How many injective functions are there from

E=1{1,2,3}
to
F={a b,c,d, e}?
Since
|E| =3, ‘F| =5,
we obtain

A} =5 x4 x3=60.
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Choosing p elements from n elements without order:

()= o=

Example:
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Binomial Coefficients

For 0 < k <n,

(1) =¢m

It counts the number of subsets with k elements from a set with n elements.
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Pascal’s Triangle

Mk|0 1 2 3 4
0 |1

1 (11

2 |1 21

311331
411 46 41

Each number is the sum of the two numbers above it.
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Binomial Theorem

For every n € N,
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Expand:

(x+y)*
Using Pascal’s triangle:

1,4,6,4,1

we get

(x 4+ y)* = x* + 43y + 6x%y% + 4xy> + y*.
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How to Choose the Formula

Ask yourself:
@ Does order matter?
@ Is repetition allowed?

© Are we choosing all elements or only some?

Order matters = AF or n! ‘

Order does not matter = (n)
p
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EIUIERENE

Situation Formula
Functions E — F nP
Permutations of n objects n!
Ordered choice of p objects | Ah = (nf!p)!
Unordered choice of p objects (n)
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Card(E) counts elements.

n! counts permutations.

nP counts functions from a set of size p to a set of size n.
AP counts ordered choices without repetition.

(I';) counts unordered choices.

Pascal’s formula:
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